This paper proposed a new probability distribution named as inverse xgamma distribution (IXGD). Different mathematical and statistical properties,viz., reliability characteristics, moments, inverse moments, stochastic ordering and order statistics of the proposed distribution have been derived and discussed. The estimation of the parameter of IXGD has been approached by different methods of estimation, namely, maximum likelihood method of estimation (MLE), Least square method of estimation (LSE), Weighted least square method of estimation (WLSE), Cramèr-von-Mises method of estimation (CME) and maximum product spacing method of estimation (MPSE). Asymptotic confidence interval (ACI) of the parameter is also obtained. A simulation study has been carried out to compare the performance of the obtained estimators and corresponding ACI in terms of average widths and corresponding coverage probabilities. Finally, two real data sets have been used to demonstrate the applicability of IXGD in real life situations.
1 Introduction. Sen et al. (2016) introduced a finite mixture of exponential (θ) and gamma (3, θ) distributions with mixing proportion π 1 = θ/(1 + θ) and π 2 = 1 − π 1 , where π 1 , π 2 denote the mixing proportions that are non-negative and sum to one, to obtained a probability distribution, named as xgamma distribution (XGD). The probability density function (PDF) and cumulative distribution function(CDF) of the XGD are, respectively, given by f (y; θ) = θ
2
(1 + θ) 1 + θ 2 .y 2 e −θy ; y > 0, θ > 0 (1.1) = 0 ; otherwise. (1 + θ) e −θy ; y > 0, θ > 0 (1.2) = 0 ; otherwise. Sen et al. (2016) investigated mathematical, structural and survival properties of the XGD and they have found that in many cases the XGD has more flexibility than the exponential distribution. A new probability distribution, namely, inverse xgamma distribution (IXGD) is introduced in this article. The inverse of the XGD is considered in order to obtain the form of the inverse xgamma distribution and hence the name proposed.
The objective of this article is two fold: First, we introduced a new probability distribution and studied the several statistical properties of IXGD, as the inverted version of XGD, introduced by Sen et al. (2016) . Second, different methods of estimation have been employed to estimate the unknown parameter of IXGD. Further, 95% asymptotic confidence interval (ACI) of the parameter based on MPSE has been constructed. To the best of our knowledge thus far, no attempt has been made to introduce the inverted version of XGD. Our aim is to fill up this gap through this present study.
The rest of the article is organized as follows: In Section 2, we have developed a new probability distribution, called IXGD. In Section 3, we have studied different statistical properties and related measures of IXGD. Different methods of estimation of the parameter of IXGD have been considered in Section 4. In Section 5, ACI of the parameter of IXGD has been obtained. Monte Carlo simulation has been carried out to see the performance of the estimates of the parameters in mean squared error sense. Empirical applications are presented and discussed in Section 6. Finally, concluding remarks are given in Section 7.
2 The inverse xgamma distribution.
In recent years, the researcher has proposed number of methods to introduce a new probability distribution. The inverse transfromation method of baseline variables is one of them and the resulting distribution is parsimonious in parameter, for example inverse exponential distribution (IED) [see, Keller and Kamath (1982) ], inverse Rayleigh distribution (IRD) [see, Voda (1972) ], inverse lindley distribution (ILD) [see, Sharma et al. (2015) ] etc. The same approach has been used to introduce the inverted form of XGD.
If a random variable Y has XGD (θ) with PDF given in (1.1), then the random variable X = (1/Y ) is said to follow the inverse xgamma distribution (IXGD) with PDF is of the following form:
It is denoted by X ∼ IXGD(θ). The CDF of IXGD is given by
The shape of the density and distribution functions for IXGD are presented in Figure 1 .
3 Some statistical properties.
In the following subsections, different statistical properties, viz., reliability characteristics, moments and inverse-moments, stochastic ordering and order statistics have been discussed.
Reliability Characteristics:
The basic tools for studying the ageing and associated characteristics of any lifetime equipments are the reliability and hazard functions. The reliability and the hazard function of IXGD(θ) are given below:
• The reliability function R(t), which is the probability that an item not failing prior 
• The hazard rate function (or failure rate function) for a continuous distribution with PDF f (t), CDF F (t), and survival function (SF) S(t) is the conditional probability of failure, given it has survived up to time t(≥ 0) and is defined as
For the IXGD, the hazard rate function is given by • The reverse hazard rate function (or reverse failure rate function) for a continuous distribution with PDF f (t), CDF F (t) is defined as
The shape of the reliability and hazard functions for IXGD are presented in Figure 2 . From Figure 2 , it is clear that the proposed distribution accommodate the shape of nonmonotone failure rate pattern. Such pattern of failure rate is very obvious in clinical trial studies and in reliability studies, thus, IXGD can be an alternative choice to analyse such data set.
Moments and related measures:
The r-th order moment about origin of IXGD is given by
The above expression indicate that moment of IXGD will exist only when r < 1. Therefore, the evaluation of inverse moments may be of interest. The r-th order inverse moment about origin of IXGD is given by
(3.8)
Harmonic mean and other moments:
The harmonic mean for the density function as expressed in (2.3) is obtained by
The above equation can also be calculated from the expression of inverse of moment by putting r = 1. Hence, after simplification we get
Stochastic Ordering:
Stochastic ordering of a positive random variable is a very important property to study the comparative behaviour of a random variable. Recall some basic definitions: A random variable X is said to be smaller than a random variable Y in the
The following implications based on this property are illustrated by Shaked & Shanthikumar (1994) .
The following theorem shows that IXGD is ordered with respect to the strongest likelihood ratio ordering.
hence it implies oredering in others also. Proof:
Taking logarithm both sides, we can write
Taking partial derivative both sides, we have
that implies
Hence, φ(x) decreases in x and this implies X ≤ st Y .
Order Statistics:
Let X (1) , X (2) , ..., X (n) are the n ordered random sample observed from density function (2.3). Then, the distribution of r-th order statistic is obtained by using the following 8 expressions as follows:
.
and the r-th order CDF F r (x) is
Hence, using Equations (2.3), (2.4) in (3.11), the PDF and the CDF of rth order statistics are, respectively, given by
. θ
14)
The distributions (PDF & CDF) of the smallest and the largest order statistics in case of IXGD are obtained by putting r = 1 and r = n in Equations (3.13) and (3.14) respectively.
4 Different methods of estimation of parameter θ.
In this section, we have used five methods of estimation to estimate the unknown parameter θ, namely, maximum likelihood method of estimation (MLE), least squares method of estimation (LSE), weighted least squares method of estimation (WLSE), Cramèr-vonMises estimator method estimation (CME) and maximum product of spacings method of estimation (MPSE) respectively.
Maximum likelihood method of estimation:
Let (x 1 , x 2 , ..., x n ) be the random sample of size n drawn from the IXGD, given in Equation (2.3). The maximum likelihood estimator (MLE) of θ for given x is obtained as follows:
The likelihood function of θ is given by
Taking logarithm both sides, the log-likelihood function is given by
The resulting partial derivative of the log-likelihood function
yield the MLE of θ. Equating this partial derivative to zero does not yield closed-form solution for MLE of θ and thus a numerical method is used for solving this equation.
Ordinary and weighted least square methods of estimation:
The least square estimator (LSE) and the weighted least square estimator (WLSE) were proposed by Swain et al. (1988) to estimate the parameters of Beta distributions. Suppose F (x (j) ) denotes the distribution function of the ordered random variables
, where, {x 1 , x 2 , · · · , x n } is a random sample of size n from a distribution function F (·). Therefore, in this case, the LSE of θ, say,θ LSE can be obtained by minimizing
F (x i:n |θ) − i n + 1 2 with respect to θ, where, F (·) is the CDF, given in Equation (2.4). Equivalently, it can be obtained by solving:
where,
The WLSE of θ, say,θ W LSE , can be obtained by minimizing
This estimator can also be obtained by solving:
where, η 1 (x i:n | θ) is defined in (4.17).
Cramèr-von-Mises method of estimation:
To motivate our choice of Cramer-von Mises type minimum distance estimators, MacDonald (1971) provided empirical evidence that the bias of the estimator is smaller than the other minimum distance estimators. Thus, The Cramer-von Mises estimators of θ, say,θ CM E can be obtained by minimizing the function
with respect to θ. The estimator can also be obtained by solving the non linear equation
Maximum product of spacings method of estimation:
The maximum product spacing method has been introduced by Amin (1979, 1983) as an alternative to MLE for the estimation of the unknown parameters of continuous univariate distributions. This method was also derived independently by Ranneby (1984) as an approximation to the Kullback-Leibler measure of information. To motivate our choice, Cheng and Amin (1983) proved that this method is as efficient as the MLE and consistent under more general conditions. Let us define
where, F (x 0:n | θ) = 0 and F (x n+1:n | θ) = 1. Clearly, n+1 i=1 D i (θ) = 1.. The MPSÊ θ M P S , of the parameter θ are obtained by maximizing the geometric mean of the spacings with respect to θ, given as
or, equivalently, by maximizing the function
(4.24)
The estimatorθ M P S of the parameter θ can be obtained by solving the non-linear equation
where, η 1 (· | θ) is given by (4.17).
Asymptotic confidence interval of θ.
Here, we consider the asymptotic confidence interval (ACI) based on MPSE, as MPSE of θ performed better in mean squared error (MSE) sense among the other estimates (MLE, LSE, WLSE and CME). Cheng and Amin (1979), Ghosh and Jammalamadaka (2001) already mentioned and shows that the maximum product spacing method also shows asymptotic properties as MLE. Keeping this in mind, we have considered the Fisher information and is obtained as;
Therefore, the asymptotic variance σ 2 θθ of θ is obtained as
The 100(1 − α)% ACI based on MPSE of θ is given by
where, Z (α/2) is the upper (α/2)-th point of the standard normal distribution. Also, to study the confidence interval (CI), we have considered the estimated average widths and coverage probabilities of ACI using MSE of θ. In addition, the average widths of ACIs are calculated based on the B = 1, 000 different trials. The average widths and corresponding coverage probabilities are given by
,
where, L W and U P denote the 100(1 − α)% CIs based on B replicates.
6 Simulation and Discussion.
In this section, we have carried out a Monte Carlo simulation study to assess the performance of the proposed estimators (MLE, LSE, WLSE, CME and MPSE) of the parameter θ for IXGD, discussed in Section 3. In particular, we have considered the different variations of sample sizes n = 10, 20, 50, 100 and the parameter values θ = 0.1, 0.5, 1.0, 1.5 respectively. For each design, sample with each of size n are drawn from the original sample and replicated 5, 000 times. First, we have calculated the average estimates (AV) of the parameter θ using MLE, LSE, WLSE, MPSE and CME along with the corresponding MSEs. The results are reported in Table 1 .
From Table 1 , it has been observed that as the sample sizes increases, the MSEs of all estimators are decreases. It verifies the consistency of all the estimators that we have considered. It has been also observed that the MSEs of MPSE of θ are less for all the considered choices of n and θ. Further, the interval estimation of the parameter is also considered and corresponding results are reported in Table 2 . Table 2 showed the estimated average widths and coverage probabilities of 95% ACI of the parameter θ for IXGD using MPSE. Here also, it has been observed that as the sample sizes increases, the average widths decreases. All simulations were performed using programs written in the open source statistical package R [see, Ihaka and Gentleman, (1996) ].
7 Real Life Examples.
Here, we consider two real data sets to show the practical applicability of the proposed model. We check whether the considered data sets actually come from the IXGD or not by goodness of fit test. For this purpose, we compared the newly introduced model IXGD with well known one parameter inverted family of distributions, namely, inverse exponential distribution (IED), inverse Rayleigh distribution (IRD), inverse Lindley distribution (ILD). This procedure is based on the Kolmogorov-Smirnov (K-S) statistic and it compares an empirical and a theoretical model by computing the maximum absolute difference between the empirical and theoretical distribution functions and is defined as
where Sup x is the supremum of the set of distances, F n (x) is the empirical distribution function and F (x; α) is the CDF. Note that, K-S statistic to be used only to verify the goodness-of-fit and not as a discrimination criteria. Therefore, we consider four discrimination criteria based on the log-likelihood function evaluated at the maximum likelihood estimates. Table 3 . Among all other competitive models, it is to be noted that the IXGD(α) has the lowest values of l(α), AIC, BIC, HQIC, CAIC & K-S and so it could be chosen as the best model to fit the given data sets.
• Data Set I: Postate cancer data taken from Collett (2003) of size 38. For this data, we have compared the proposed model IXGD with well known one parameter inverted family of distributions, viz., inverted Exponential distribution (IED), inverse Lindley distribution (ILD), inverse Rayleigh distribution (IRD) and found that IXGD is the better choice for the considered data set [see, Table 3 ].
• Data Set II: Item failure data represents the 46 repair times (in hours) have taken from Chhikara and Folks (1997) , initially considered by Chhikara and Folks (1977) , for an airborne communication transceiver. Here also, we have compared the proposed model IXGD with well known one parameter inverted family of distributions, viz., inverted Exponential distribution (IED), inverse Lindley distribution (ILD), inverse Rayleigh distribution (IRD) and found that IXGD is the better choice for the considered data set [see, Table 3 ]. Also, the estimates of the parameter θ and reliability characteristics of IXGD for both the data sets are computed using different methods of estimation [see, Table  4 ].
Concluding Remarks.
In this article, we have proposed a new probability model, namely, IXGD by considering the inverse of XGD. Different statistical characteristics and properties have been discussed. Different methods of estimation have been discussed for estimating the unknown parameter of the proposed model. The comparison among the considered estimators of θ have been carried out using Monte Carlo simulation study and it has been noticed that MPSE of θ performed better in MSE sense. Further, 95% ACI of θ has been calculated using MPSE of θ as it performed better among the other estimators. Finally, two real data sets have been analyzed for illustration purposes of the study. 
